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a b s t r a c t 
A quasi-consistent integration method is presented for the efficient meshfree analysis of Helmholtz problems. 
The plane wave basis functions are employed for the reproducing kernel meshfree approximation to accurately 
represent the acoustic field resulting from Helmholtz problems. In order to improve the computational efficiency 
of Galerkin meshfree analysis of Helmholtz problems, a reproducing kernel gradient smoothing approach is in- 
troduced into the meshfree formulation with plane wave basis functions. In the proposed method, the smoothed 
gradients of meshfree shape functions with plane wave basis functions are built upon a reproducing kernel gra- 
dient representation and the integration consistency of Galerkin meshfree formulation is implicitly ensured. Fur- 
thermore, a quasi-consistent integration scheme is proposed to compute the smoothed gradients, which aims 
to balance the efficiency and accuracy for meshfree analysis of Helmholtz problems. The proposed integration 
method leads to fully consistent integration when one wave direction is considered, and nearly consistent inte- 
gration if two wave directions are taken into account, where the boundary sample points of integration cells are 
particularly preferred since they are simultaneously used by neighboring integration cells with efficiency gain. 
Numerical results demonstrate that the proposed methodology is much more efficient and accurate for Galerkin 
meshfree analysis of Helmholtz problems, in comparison with the standard meshfree formulations using high 
order Gauss quadrature rules. 
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. Introduction 
Helmholtz problems are of central importance in many fields [1] ,
uch as electromagnetic radiation, seismology and acoustics, etc. The
nstructured node based meshfree methods [2–11] enable a straight-
orward construction of arbitrary order smooth approximants and have
een actively employed to study Helmholtz problems. For instance,
ithin the partition of unity framework, Melenk and Babu š ka [12] and
trouboulis et al. [13] enriched the basis function with plane wave terms
or Helmholtz problems. A multiresolution reproducing kernel parti-
le method was presented by Uras et al. [14] to enhance the mesh-
ree solutions of Helmholtz problems. Bouillard and Suleaub [15] as-
essed the pollution effect of Helmholtz problems for the element-free
alerkin method. Suleau et al. [16] adopted the plane wave basis func-
ion in meshfree methods to mitigate the dispersion error. Lacroix et al.
17] introduced an iterative defect-correction type of meshfree method
o ameliorate the solution accuracy of acoustic problems. A dispersion
nalysis for the meshfree radial point interpolation method was car-
ied out by Wenterodt and Estorff [18] for the Helmholtz equation.∗ Corresponding author at: Department of Civil Engineering and Xiamen Engineer
niversity, Xiamen, Fujian 361005, China. 
E-mail address: ddwang@xmu.edu.cn (D. Wang). 
ttps://doi.org/10.1016/j.enganabound.2019.10.002 
eceived 25 June 2019; Received in revised form 1 September 2019; Accepted 6 Oct
955-7997/© 2019 Elsevier Ltd. All rights reserved. e at al. [19] investigated the dispersion and pollution of the improved
eshless weighted least-square approach for Helmholtz equation. The
erformance of maximum-entropy meshfree method for time-harmonic
coustics was discussed by Greco et al. [20] . You et al. [21] investigated
he Helmholtz problems using the point interpolation meshfree method
oupled with edge-based smoothed finite elements. 
It is noted that the numerical solutions of Helmholtz problems of-
en suffer the so-called pollution problem [1] and the employment of
lane wave basis functions can significantly reduce the pollution effect
nd improve the accuracy of meshfree methods for Helmholtz problems
13] . However, due to the rational nature and overlapping of nodal sup-
ort domains of meshfree shape functions, the numerical integration of
alerkin meshfree methods has been an important issue [22–24] . In fact
xcessive quadrature points are also required even for plane wave en-
iched finite element formulation [25] , and the numerical integration
ssue would become much more severe for the Galerkin meshfree for-
ulation of Helmholtz problems with plane wave basis functions. For
alerkin meshfree methods with monomial basis functions, various in-
egration schemes have been developed to improve the computationaling Technology Center for Intelligent Maintenance of Infrastructures, Xiamen 
ober 2019 
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Fig. 1. Illustration of the model problem. 
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c  fficiency. Among different approaches, Chen et al. [23 , 24] proposed
n efficient stabilized conforming nodal integration, which is derived
rom the linear exactness condition and thus is suitable for the meshfree
pproximation with linear basis function. Along this route, stabilized
odal integrations and several variants have been introduced for dif-
erent types of linear and nonlinear problems [26–34] . Later on, this
ethod has been extended to the consistent quadratic meshfree for-
ulation by Duan et al. [35] . An arbitrary order variationally consis-
ent integration method was further proposed by Chen et al. [36] , in
hich the variational consistency of Galerkin formulation is guaran-
eed through modifying the test functions in a Petrov–Galerkin setting.
oreover, Wang and Wu [37] presented a nesting sub-domain gradient
moothing integration to accelerate the computation of Galerkin mesh-
ree methods. Very recently, an inherently consistent reproducing kernel
radient smoothing framework was developed by Wang and Wu [38 , 39]
or arbitrary order meshfree methods, which is characterized by the ex-
licit quadrature rules used for efficient smoothed gradient computa-
ion. Banerjee and Sukumar [40] proposed an exact integration method
or the plane wave-enriched partition of unity finite element method.
hile this approach is devoted to the partition of unity finite element
ormulation and is not applicable to the meshfree approximation dis-
ussed herein. 
In this study, a quasi-consistent integration method to accelerate
he Galerkin meshfree analysis of Helmholtz problems. This approach
s based on the reproducing kernel meshfree approximation with plane
ave basis functions [13] . In order to reduce the number of quadrature
oints and improve the computational accuracy, the integration con-
traint corresponding to the Galerkin meshfree formulation with plane
ave basis functions is firstly derived. To meet this integration con-
traint, smoothed gradients of meshfree approximations are introduced
ccording to the reproducing kernel gradient smoothing (RKGS) frame-
ork [38] . For one dimensional (1D) problems, only the axial wave
irection is accommodated and it is shown that a 5-point quadrature
ule is proper for the RKGS gradient evaluation. In case of two dimen-
ional (2D) problems, the number of quadrature points grows dramat-
cally with the increase of enriched wave directions. For example, an
mployment of two wave directions in the meshfree approximation will
equire 36 sample points for the boundary integration in the smoothed
radient evaluation referring to triangular cells, which will enormously
ecrease the computational efficiency. Thus here to balance the effi-
iency and accuracy, a quasi-consistent integration method is proposed
or the two wave directional enrichment. It turns out that the proposed
uasi-consistent integration method performs superiorly compared with
he conventional Gaussian quadrature rules. 
The rest of this paper is organized as follows. Section 2 briefs
he Helmholtz equation and Galerkin meshfree formulation, where the
eshfree approximation with plane wave basis functions is discussed.
n Section 3 , the integration constraint of Galerkin meshfree formu-
ation using plane wave basis functions is presented and the corre-
ponding reproducing kernel smoothed gradients that meet the inte-
ration constraint of Helmholtz equation is introduced. Subsequently, a
uasi-consistent integration rule is developed to efficiently evaluate the
moothed gradients for meshfree shape functions with plane wave basis
unctions in Section 4 . Numerical examples are then given in Section 5 to
xemplify the accuracy and efficiency of the proposed methodology. Fi-
ally, conclusions are drawn in Section 6 . 
. Helmholtz equation and plane wave meshfree approximation 
.1. Model problem 
As illustrated in Fig. 1 , we consider the following Helmholtz equation
s the model problem defined in a spatial domain Ω: 
 
 
 
 
 
∇ 2 𝑢 + 𝑘 2 𝑢 = − 𝑓 in Ω
∇ 𝑢 ⋅ 𝒏 = ̄𝑡 on Γ𝑡 
∇ 𝑢 ⋅ 𝒏 + 𝜄𝑘𝑢 = ?̄? on Γ𝑟 
(1) 43 here ∇ and ∇ 2 are the gradient and Laplace operators. u stands for
he acoustic pressure, k denotes the wave number, 𝜄 = 
√
−1 . 𝑓 is a given
oading function, ̄𝑡 , ?̄? are specified field variables on Neumann’s bound-
ry Γt and Robin’s boundary Γr , respectively. n = { n 1 , n 2 } T is the out-
ard normal vector of boundary. Meanwhile, in Fig. 1 , 𝜃 denotes the
ave propagation angle. 
A generic solution of the homogeneous form for the model problem
akes the following form: 
 ( 𝑥 ) = 𝑢 0 exp 
[
𝜄( 𝑘 𝑥 𝑥 + 𝑘 𝑦 𝑦 ) 
]
(2)
here u 0 is amplitude, k x and k y represent the wave numbers in x
nd y directions, which are related to the wave number k and wave
ropagation angle 𝜃 as k x = k cos 𝜃 and k y = k sin 𝜃. It can be seen from
q. (2) that the solution exhibits oscillatory characteristics. A weak form
orresponding to Eq. (1) can be stated as follows: 
Ω
∇ 𝛿𝑢 ⋅ ∇ 𝑢𝑑Ω − ∫Ω 𝑘 
2 𝛿𝑢𝑢𝑑Ω + ∫Γ𝑟 𝜄𝑘𝛿𝑢𝑢𝑑Γ = ∫Γ𝑡 𝛿𝑢 ̄𝑡 𝑑Γ
+ ∫Γ𝑟 𝛿𝑢 ̄𝑟 𝑑Γ + ∫Ω 𝛿𝑢 𝑓 𝑑Ω (3) 
.2. Reproducing kernel meshfree approximation with plane wave basis 
unctions 
In meshfree approximation, the problem domain Ω is discretized by
 group of nodes { 𝒙 𝐼 } 𝑁𝑃 𝐼=1 , and each node is related to a shape func-
ion ΨI ( x ) that has a compact support or influence domain denoted by
upp ( x I ). The meshfree approximant of acoustic pressure u , denoted by
 
h , can be expressed as: 
 
ℎ ( 𝒙 ) = 
NP ∑
𝐼=1 
Ψ𝐼 ( 𝒙 ) 𝑑 𝐼 (4) 
here d I is the nodal coefficient associated with the node x I . According
o the reproducing kernel (RK) theory [3 , 4] , the meshfree shape func-
ions ΨI ( x ) takes the following form: 
𝐼 ( 𝒙 ) = 𝒑 𝑇 ( 𝒙 − 𝒙 𝐼 ) 𝒄 ( 𝒙 ) 𝜙( 𝒙 𝐼 − 𝒙 ) (5)
here c ( x ) is an unknown vector to be determined, p ( x ) is the basis
ector, 𝜙( x I − x ) is the kernel function. Without loss of generality, all
ectors in this work denote column vectors, and a row vector is repre-
ented by the transpose of the corresponding column vector. Here the
ubic B-spline function is selected as the kernel function, and the 1D
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𝑓  ernel function can be expressed as follows: 
𝑠 ( 𝑥 − 𝑥 𝐼 ) ≡ 𝜙𝑠 ( 𝓁) = 
⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
2 
3 
− 4 𝓁 2 + 4 𝓁 3 𝓁 ≤ 1 
2 
4 
3 
− 4 𝓁 + 4 𝓁 2 − 4 
3 
𝓁 3 
1 
2 
< 𝓁 ≤ 1 
0 𝓁 > 1 
, 𝓁 = 
|𝑥 − 𝑥 𝐼 |
𝑠ℎ 
(6)
here h represents the characteristic nodal distance of meshfree dis-
retization, s denotes the normalized support size measuring the influ-
nce domain of kernel function. 
As for the basis vector p ( x ), if a p th order monomial basis vector
sed, it reads: 
𝒑 ( 𝒙 ) = {1 , 𝑥, 𝑦, 𝑥 2 , … , 𝑥 𝑖 𝑦 𝑗 , … , 𝑦 𝑝 } 𝑇 0 ≤ 𝑖 + 𝑗 ≤ 𝑝 (7)
In this study, to precisely capture the Helmholtz solutions, the fol-
owing plane wave basis vector [13–16] is employed: 
 ( 𝒙 ) = {1 , sin ( 𝒌 1 ⋅ 𝒙 ) , cos ( 𝒌 1 ⋅ 𝒙 ) , … , sin ( 𝒌 𝑁 𝜃 ⋅ 𝒙 ) , cos ( 𝒌 𝑁 𝜃 ⋅ 𝒙 )} 𝑇 (8)
ith 
 
𝑛 = 
{
𝑘 cos 𝜃𝑛 , 𝑘 sin 𝜃𝑛 
}
(9)
here 𝜃n , n = 1, …, N 𝜃 , and N 𝜃 is the total number of wave directions
ncluded in the meshfree approximation. In 1D case, we have 𝜃n = 0 in
qs. (8) and (9) . 
The unknown position dependent vector c ( x ) is determined by en-
orcing the so-called reproducing or consistency conditions: 
𝑁𝑃 ∑
=1 
Ψ𝐼 ( 𝒙 ) 𝒑 ( 𝒙 𝐼 ) = 𝒑 ( 𝒙 ) (10)
For the monomial basis vector of Eq. (7) , now it is well understood
hat Eq. (10) can be equivalently recast as a shifted basis form: 
𝑁𝑃 ∑
=1 
Ψ𝐼 ( 𝒙 ) 𝒑 ( 𝒙 𝐼 − 𝒙 ) = 𝒑 ( 𝟎 ) (11)
In fact, when the plane wave basis vector of Eq. (8) is used,
q. (11) holds as well. This can be proved as follows. 
The proof of Eq. (11) with Eq. (8) implies: 
𝑁𝑃 ∑
=1 
Ψ𝐼 ( 𝒙 ) 𝒑 ( 𝒙 𝐼 − 𝒙 ) 
= 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝒙 ) 
⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 
1 
sin 
[
𝒌 1 ⋅ ( 𝒙 − 𝒙 𝐼 ) 
]
cos 
[
𝒌 1 ⋅ ( 𝒙 − 𝒙 𝐼 ) 
]
⋯ 
sin 
[
𝒌 𝑁 𝜃 ⋅ ( 𝒙 − 𝒙 𝐼 ) 
]
cos 
[
𝒌 𝑁 𝜃 ⋅ ( 𝒙 − 𝒙 𝐼 ) 
]
⎫ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎭ 
= 
⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 
1 
0 
1 
⋯ 
0 
1 
⎫ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎭ 
= 𝒑 ( 𝟎 ) 
(12)
Obviously, there are (2 N 𝜃 + 1) terms in Eq. (12) , and the first term
s obviously valid since it is just the partition of unity. Without loss
f generality, the rest of terms in Eq. (12) are picked up to show the
quivalence between Eqs. (10) and (11) : 
𝑁𝑃 ∑
=1 
Ψ𝐼 ( 𝑥 ) sin 
[
𝒌 𝑛 ⋅ ( 𝒙 − 𝒙 𝐼 ) 
]
= sin ( 𝒌 𝑛 ⋅ 𝒙 ) 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝑥 ) cos ( 𝒌 𝑛 ⋅ 𝒙 𝐼 ) 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= cos ( 𝒌 𝑛 ⋅𝒙 ) 
− cos ( 𝒌 𝑛 ⋅ 𝒙 ) 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝑥 ) sin ( 𝒌 𝑛 ⋅ 𝒙 𝐼 ) 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= sin ( 𝒌 𝑛 ⋅𝒙 ) 
= sin 
[
𝒌 𝑛 ⋅ ( 𝒙 − 𝒙 ) 
]
= 0 
(13)44 𝑁𝑃 ∑
=1 
Ψ𝐼 ( 𝑥 ) cos 
[
𝒌 𝑛 ⋅ ( 𝒙 − 𝒙 𝐼 ) 
]
= cos ( 𝒌 𝑛 ⋅ 𝒙 ) 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝑥 ) cos ( 𝒌 𝑛 ⋅ 𝒙 𝐼 ) 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= cos ( 𝒌 𝑛 ⋅𝒙 ) 
− sin ( 𝒌 𝑖 ⋅ 𝒙 ) 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝑥 ) sin ( 𝒌 𝑛 ⋅ 𝒙 𝐼 ) 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= sin ( 𝒌 𝑛 ⋅𝒙 ) 
= cos 
[
𝒌 𝑛 ⋅ ( 𝒙 − 𝒙 ) 
]
= 1 
(14) 
here the consistency conditions of plane wave meshfree shape func-
ions with fixed basis form are employed. 
Substituting Eq. (5) into (11) then leads to: 
 ( 𝒙 ) = 𝑨 −1 ( 𝒙 ) 𝒑 ( 𝟎 ) (15)
here A is the moment matrix taking the following form: 
 ( 𝒙 ) = 
𝑁𝑃 ∑
𝐼=1 
𝒑 ( 𝒙 − 𝒙 𝐼 ) 𝒑 𝑇 ( 𝒙 − 𝒙 𝐼 ) 𝜙( 𝒙 − 𝒙 𝐼 ) (16)
Bringing Eq. (15) back into Eq. (5) yields: 
𝐼 ( 𝒙 ) = 𝒑 𝑇 ( 𝟎 ) 𝑨 −1 ( 𝒙 ) 𝒑 ( 𝒙 − 𝒙 𝐼 ) 𝜙( 𝒙 − 𝒙 𝐼 ) (17)
For clarity, we detail the 1D and 2D meshfree shape functions with
lane wave basis functions. Figs. 2 and 3 portray the 1D and 2D meshfree
hape functions, where k = 40 and N 𝜃 = 1 are adopted. Particularly, in 2D
ase, the plane wave basis vector only incorporates one wave direction
f 𝜃1 = 𝜋/4: 
 ( 𝒙 ) = 
{ 
1 , sin 
[ √
2 
2 
𝑘 ( 𝑥 + 𝑦 ) 
] 
, cos 
[ √
2 
2 
𝑘 ( 𝑥 + 𝑦 ) 
] } 𝑇 
(18)
As can be seen from Figs. 2 and 3 , the plane wave meshfree shape
unctions are highly oscillatory, which mimic the solutions of Eq. (2) .
evertheless, the Galerkin meshfree formulation with these oscillatory
hape functions requires very high order Gauss quadrature rules to
ttain satisfactory results. Consequently, the development of efficient
umerical integration schemes is extremely desirable for such kind of
roblems. 
.3. Meshfree discretization of Helmholtz equation 
Substituting the meshfree approximation of acoustic pressure de-
ned by Eq. (4) into the weak form of Eq. (3) gives the following discrete
eshfree equations: 
 𝑲 − 𝑘 2 𝑴 + 𝜄𝑘 𝑪 ) 𝒅 = 𝒇 (19)
here K is the stiffness matrix, M and C are the mass and damping
atrices, d and f are the nodal coefficient vector and force vector, whose
ntries are given by: 
 𝐼𝐽 = ∫Ω ∇ Ψ𝐼 ⋅ ∇ Ψ𝐽 𝑑Ω (20)
 𝐼𝐽 = ∫Ω Ψ𝐼 Ψ𝐽 𝑑Ω (21)
 𝐼𝐽 = ∫Γ𝑟 Ψ𝐼 Ψ𝐽 𝑑Γ (22)
 𝐼 = ∫Γ𝑡 Ψ𝐼 ̄𝑡 𝑑Γ + ∫Γ𝑟 Ψ𝐼 ̄𝑟 𝑑Γ + ∫Ω Ψ𝐼 𝑓 𝑑Ω (23)
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Fig. 2. 1D plane wave meshfree shape function and its derivative. 
Fig. 3. 2D plane wave meshfree shape function and its derivatives. 
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𝐽
+ 𝜄𝑘 ∫Γ𝑟 Ψ𝐼 𝒑 ( 𝒙 ) 𝑑Γ − 𝑘 ∫Ω Ψ𝐼 𝒑 ( 𝒙 ) 𝑑Ω 𝒂 . Reproducing kernel gradient smoothing meshfree formulation 
.1. Integration constraint for Helmholtz problems 
The integration constraint represents the conditions which ensure
hat the Galerkin discrete formulation of Eq. (19) could exactly repro-
uce any solution spanned by the basis vector p [23 , 38] . Now assume
hat the field variable u and its derivatives u , i can be expressed by the
lane wave basis vector p : 
 ( 𝒙 ) = 𝒑 𝑇 ( 𝒙 ) 𝒂 (24)
 ,𝑖 ( 𝒙 ) = 𝒑 𝑇 ,𝑖 ( 𝒙 ) 𝒂 = 𝒒 
𝑇 ( 𝒙 ) 𝒃 𝑖 (25)
here q is the vector that is formed by the basis functions after perform-
ng one order differentiation on p, a and b i are some constant vectors.
hus according to the strong form of the model problem in Eq. (1) , the
odal coefficients and prescribed variables are given by: 
 𝐼 = 𝑢 ( 𝒙 𝐼 ) = 𝒑 𝑇 ( 𝒙 𝐼 ) 𝒂 (26)
̄
 = ∇ 𝑢 ⋅ 𝒏 = 𝑢 ,𝑖 𝑛 𝑖 = 𝒑 𝑇 ,𝑖 ( 𝒙 ) 𝒂 𝑛 𝑖 = 𝒒 
𝑇 ( 𝒙 ) 𝑛 𝑖 𝒃 𝑖 (27)
̄ = ∇ 𝑢 ⋅ 𝒏 + 𝜄𝑘𝑢 = 𝑢 ,𝑖 𝑛 𝑖 + 𝜄𝑘𝑢 = 𝒒 𝑇 ( 𝒙 ) 𝑛 𝑖 𝒃 𝑖 + 𝜄𝑘 𝒑 𝑇 ( 𝒙 ) 𝒂 (28)
 ̄= −( ∇ 2 𝑢 + 𝑘 2 𝑢 ) = −( 𝑢 ,𝑖𝑖 + 𝑘 2 𝑢 ) = − 𝒒 𝑇 ,𝑖 ( 𝒙 ) 𝒃 𝑖 − 𝑘 
2 𝒑 𝑇 ( 𝒙 ) 𝒂 (29)
Based upon Eqs. (26) –(29) , the typical elements of the left and right
and sides of Eq. (19) become: 45 𝑁𝑃 ∑
=1 
( 𝐾 𝐼𝐽 − 𝑘 2 𝑀 𝐼𝐽 + 𝜄𝑘𝐶 𝐼𝐽 ) 𝑑 𝐽 
= 
𝑁𝑃 ∑
𝐽=1 
( 
∫Ω ∇ Ψ𝐼 ⋅ ∇ Ψ𝐽 𝑑Ω − 𝑘 
2 ∫Ω Ψ𝐼 Ψ𝐽 𝑑Ω + 𝜄𝑘 ∫Γ𝑟 Ψ𝐼 Ψ𝐽 𝑑Γ
) 
𝑑 𝐽 
= ∫Ω Ψ𝐼,𝑖 
𝑁𝑃 ∑
𝐽=1 
Ψ𝐽 ,𝑖 𝒑 𝑇 ( 𝒙 𝐽 ) 𝒂 𝑑Ω − 𝑘 2 ∫Ω Ψ𝐼 
𝑁𝑃 ∑
𝐽=1 
Ψ𝐽 𝒑 𝑇 ( 𝒙 𝐽 ) 𝒂 𝑑Ω
+ 𝜄𝑘 ∫Γ𝑟 Ψ𝐼 
𝑁𝑃 ∑
𝐽=1 
Ψ𝐽 𝒑 𝑇 ( 𝒙 𝐽 ) 𝒂 𝑑Γ
= ∫Ω Ψ𝐼,𝑖 𝒑 
𝑇 
,𝑖 ( 𝒙 ) 𝒂 𝑑Ω − 𝑘 
2 ∫Ω Ψ𝐼 𝒑 
𝑇 ( 𝒙 ) 𝒂 𝑑Ω + 𝜄𝑘 ∫Γ𝑟 Ψ𝐼 𝒑 
𝑇 ( 𝒙 ) 𝒂 𝑑Γ
= ∫Ω Ψ𝐼,𝑖 𝒒 
𝑇 ( 𝒙 ) 𝑑Ω𝒃 𝑖 + 
( 
𝜄𝑘 ∫Γ𝑟 Ψ𝐼 𝒑 
𝑇 ( 𝒙 ) 𝑑Γ − 𝑘 2 ∫Ω Ψ𝐼 𝒑 
𝑇 ( 𝒙 ) 𝑑Ω
) 
𝒂 
(30) 
𝑓 𝐼 = ∫Γ𝑡 Ψ𝐼 𝑡 𝑑Γ + ∫Γ𝑟 Ψ𝐼 𝑔 𝑑Γ + ∫Ω Ψ𝐼 𝑓 𝑑Ω
= ∫Γ𝑡 Ψ𝐼 𝒒 
𝑇 ( 𝒙 ) 𝑛 𝑖 𝑑Γ𝒃 𝑖 + ∫Γ𝑟 Ψ𝐼 𝒒 
𝑇 ( 𝒙 ) 𝑛 𝑖 𝑑 Γ𝒃 𝑖 + ∫Γ𝑟 𝜄𝑘 Ψ𝐼 𝒑 
𝑇 ( 𝒙 ) 𝑑 Γ𝒂 
− ∫Ω Ψ𝐼 𝒒 
𝑇 
,𝑖 ( 𝒙 ) 𝑑 Ω𝒃 𝑖 − ∫Ω 𝑘 
2 Ψ𝐼 𝒑 𝑇 ( 𝒙 ) 𝑑 Ω𝒂 
= 
( 
∫Γ Ψ𝐼 𝒒 
𝑇 ( 𝒙 ) 𝑛 𝑖 𝑑Γ − ∫Ω Ψ𝐼 𝒒 
𝑇 
,𝑖 ( 𝒙 ) 𝑑Ω
) 
𝒃 𝑖 ( 
𝑇 2 𝑇 
) 
(31) 
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Fig. 4. Illustration of meshfree integration cells. 
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d
𝒑  
𝒒 𝑘𝑖  A further enforcement of Eq. (19) using Eqs. (30) and (31) immedi-
tely leads to the following identity: 
Ω
Ψ𝐼,𝑖 𝒒 ( 𝒙 ) 𝑑Ω = ∫Γ Ψ𝐼 𝒒 ( 𝒙 ) 𝑛 𝑖 𝑑Γ − ∫Ω Ψ𝐼 𝒒 ,𝑖 ( 𝒙 ) 𝑑Ω (32)
Eq. (32) is the integration constraint of Galerkin meshfree method
or the Helmholtz equation. It’s interesting to that this integration con-
traint for Helmholtz equation has an identical form as that derived from
he standard second order problems [35 , 38] , of course, the basis vectors
hemselves are different. Consequently, a noticeable remark is that the
ntegration constraint in Eq. (32) does not depend on the choice of spe-
ific basis functions. In this study, the plane wave basis functions are
onsidered. 
.2. Construction of reproducing kernel smoothed gradients 
In order to meet the integration constraint defined by Eq. (32) , the
eproducing kernel gradient smoothing (RKGS) formulation [38] is in-
roduced herein. Accordingly, a smoothed gradient Ψ̃𝐼,𝑖 ( 𝒙 , 𝒔 ) takes the
ollowing form [38] : 
̃
𝐼,𝑖 ( 𝒙 , 𝒔 ) = 𝒒 𝑇 ( 𝒙 ) ̃𝒄 ( 𝒔 ) ̃𝜙( 𝒙 , 𝒔 ) (33)
here ?̃? ( 𝒔 ) is an unknown vector, now q ( x ) is the gradient smoothing
lane wave basis vector: 
 
𝑇 ( 𝒙 ) = 
{
sin ( 𝒌 1 ⋅ 𝒙 ) , cos ( 𝒌 1 ⋅ 𝒙 ) , … , cos ( 𝒌 𝑁 𝜃 ⋅ 𝒙 ) 
}
(34)
Compared with the basis vector p ( x ) in Eq. (8) , the constant term
anishes after the differentiation and the rest terms remain the same as
 ( x ) in Eq. (34) . 
The numerical evaluation of Eq. (33) is completed by using the back-
round integration cells. As shown in Fig. 4 , the problem domain Ω
s subdivided into a set of non-overlapping and conforming triangu-
ar integration cells {Ω} 𝑁 𝐶 
𝐶=1 , i.e., ∪
𝑁 𝐶 
𝐶=1 Ω𝐶 = Ω, N C is the total number
f integration cells. The local support is defined by the kernel func-
ion of ?̃?( 𝒙 , 𝒔 ) . For convenience of subsequent development, the piece-
ise constant function is adopted as the kernel function for gradient
moothing: 
̃( 𝒙 , 𝒔 ) = 
{ 
1 , 𝒙 ∈ Ω𝐶 
0 , 𝒙 ∉ Ω𝐶 
(35)46 Following a similar procedure as the standard reproducing kernel
ormulation of meshfree shape functions, ̃𝒄 ( 𝒔 ) is attained through impos-
ng the integration constraint of in Eq. (32) , thus plugging Eq. (33) into
32) gives: 
̃ = 𝑮 −1 𝐶 𝒈 
𝐶 
𝑖𝐼 (36)
ith 
 𝐶 = ∫Ω𝐶 𝒒 ( 𝒙 ) 𝒒 
𝑇 ( 𝒙 ) 𝑑Ω (37)
 
𝐶 
𝑖𝐼 = ∫Γ𝐶 Ψ𝐼 ( 𝒙 ) 𝒒 ( 𝒙 ) 𝑛 𝑖 𝑑Γ − ∫Ω𝐶 Ψ𝐼 ( 𝒙 ) 𝒒 ,𝑖 ( 𝒙 ) 𝑑Ω (38)
here G C is a moment-type matrix in the integral sense, 𝒈 
𝐶 
𝑖𝐼 
corresponds
o the right-hand side of the integration constraint described by Eq. (32) .
ith Eq. (36) in hand, the reproducing kernel smoothed gradient of
q. (33) becomes: 
̃
𝐼,𝑖 ( 𝒙 ) = 𝒒 𝑇 ( 𝒙 ) 𝑮 −1 𝐶 𝒈 
𝐶 
iI 
, in Ω𝐶 (39) 
For the triangular integration cells as shown in Fig. 4 , G C can be
nalytically evaluated. The computation of 𝒈 𝐶 
𝑖𝐼 
is carried out by efficient
uadrature rules discussed in the next Section, which is derived from the
ollowing gradient consistency conditions: 
𝑁𝑃 ∑
=1 
Ψ̃𝐼,𝑖 ( 𝒙 ) 𝒑 ( 𝒙 𝐼 ) = 𝒑 ,𝑖 ( 𝒙 ) (40)
. Quasi-consistent integration for RKGS 
.1. RKGS with parametric coordinates 
For convenience of development, the barycentric parametric coordi-
ates [41] are employed to formulate the desired integration scheme.
s shown in Fig. 5 , a generic integration cell ΩC and its boundary
l ’s are mapped to Ω𝜉 and Γ𝑙 𝜉 ’s in the parametric space, l = 1, 2, 3. The
apping between the physical and parametric spaces is given by: 
 = 𝜉𝒙 1 + 𝜂𝒙 2 + (1 − 𝜉 − 𝜂) 𝒙 3 (41)
here x i is the i th vertex of ΩC . The corresponding Jacobi matrix J
ssociate with the mapping of Eq. (41) is: 
 = 
[
𝐽 𝑖𝑗 
]
= 
[ 
𝜕 𝑥 𝑖 
𝜕 𝜉𝑗 
] 
= 
[ 
𝑥 1 − 𝑥 3 𝑥 2 − 𝑥 3 
𝑦 1 − 𝑦 3 𝑦 2 − 𝑦 3 
] 
(42)
For later use, the components of the inverse Jacobi matrix J − 1 and
he outward normal vector n of the integration cell boundary are listed
s follows: 
 
−1 
𝑖𝑗 = − 
1 
2 𝐴 𝐶 
𝐷 𝐶 𝑖𝑗 , 𝑖, 𝑗 = 1 , 2 (43)
 𝑖 = 
1 
𝐿 𝑙 
𝐶 
𝐷 𝐶 𝑙𝑖 , on Γ
𝑙 
𝐶 (44)
here A C and 𝐿 
𝑙 
𝐶 
are the area of ΩC and the length of Γ𝑙 𝐶 . 𝐷 
𝐶 
𝑖𝑗 is the
omponent of the geometry-related matrix D C : 
 
𝐶 = 
[
𝐷 𝐶 𝑖𝑗 
]
= 
[ 
𝑦 3 − 𝑦 2 𝑦 1 − 𝑦 3 𝑦 2 − 𝑦 1 
𝑥 2 − 𝑥 3 𝑥 3 − 𝑥 1 𝑥 1 − 𝑥 2 
] 
(45)
In accordance with the parametric mapping, the basis vector and its
erivative can be re-expressed using parametric coordinates: 
 ( 𝒙 ) =  ̄𝒑 ( 𝝃) , 𝒑 ,𝑖 ( 𝒙 ) =  ̄𝒑 ,𝑘 ( 𝝃) 𝐽 −1 𝑘𝑖 =   𝑘 ̄𝒒 ( 𝝃) 𝐽 −1 𝑘𝑖 (46)
 ( 𝒙 ) =  ̄𝒒 ( 𝝃) , 𝒒 ,𝑖 ( 𝒙 ) =  ̄𝒒 ,𝑘 ( 𝝃) 𝐽 −1 (47)
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Fig. 5. Parametric mapping of a generic integration cell. 
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t  here  ,  𝑖 and  are constant coefficient matrices. ?̄? , ?̄? are the plane
ave basis vector defined in the parametric space and they take the
ollowing forms: 
̄
 ( 𝝃) = {1 , sin ( ̄𝒌 1 ⋅ 𝝃) , cos ( ̄𝒌 1 ⋅ 𝝃) , … , cos ( ̄𝒌 𝑁 𝜃 ⋅ 𝝃)} 𝑇 (48)
̄ ( 𝝃) = { sin ( ̄𝒌 1 ⋅ 𝝃) , cos ( ̄𝒌 1 ⋅ 𝝃) , … , cos ( ̄𝒌 𝑁 𝜃 ⋅ 𝝃)} 𝑇 (49)
ith 
̄
 
𝑛 = 
{
𝒌 𝑛 ⋅ ( 𝒙 1 − 𝒙 3 ) , 𝒌 𝑛 ⋅ ( 𝒙 2 − 𝒙 3 ) 
}
(50) 
With the aid of Eqs. (46) –(49) , G C and 𝒈 
𝐶 
𝑖𝐼 
in Eqs. (37) and (38) be-
ome: 
 𝐶 =  ∫Ω𝐶 ?̄? ̄𝑞 
𝑇 𝑑Ω 𝑇 =  ∫Ω𝐶 ?̄? ̄𝑞 
𝑇 𝑑Ω 𝑇 =  ̄𝑮 𝐶  𝑇 (51)
 
𝐶 
𝑖𝐼 
=  
( 3 ∑
𝑙=1 
∫Γ𝑙 
𝐶 
Ψ𝐼 ̄𝒒 𝑛 𝑖 𝑑Γ − ∫Ω𝐶 Ψ𝐼 ̄𝒒 ,𝑖 𝑑Ω
) 
=  
( 3 ∑
𝑙=1 
1 
𝐿 𝑙 
𝐶 
∫Γ𝑙 
𝐶 
Ψ𝐼 ̄𝒒 𝐷 𝐶 𝑙𝑖 𝑑Γ + 
1 
2 𝐴 𝐶 ∫Ω𝐶 Ψ𝐼 ̄𝒒 ,𝑘 𝐷 
𝐶 
𝑘𝑖 𝑑Ω
) 
=  ̄𝒈 𝐶 
𝑖𝐼 
(52) 
ith 
̄
 𝐶 = ∫Ω𝐶 ?̄? ̄𝑞 
𝑇 𝑑Ω = 2 𝐴 𝐶 ∫Ω𝜉 ?̄? ̄𝑞 
𝑇 𝑑Ω (53)
̄ 𝐶 𝑖𝐼 = 
3 ∑
𝑙=1 
1 
𝐿 𝑙 
𝐶 
∫Γ𝑙 
𝐶 
Ψ𝐼 ̄𝒒 𝐷 𝐶 𝑙𝑖 𝑑Γ + 
1 
2 𝐴 𝐶 ∫Ω𝐶 Ψ𝐼 ̄𝒒 ,𝑘 𝐷 
𝐶 
𝑘𝑖 𝑑Ω (54)
n which the dummy summation convention is invoked for repeated sub-
cripts. 
By using Eq. (47) , and (51)–(54) , the reproducing kernel smoothed
radient Ψ̃𝐼,𝑖 ( 𝒙 ) in Eq. (39) can be converted into its parametric coun-
erpart as follows: 
̃
𝐼,𝑖 ( 𝒙 ) = 𝒒 𝑇 ( 𝒙 ) 𝑮 −1 𝐶 𝒈 
𝐶 
𝑖𝐼 
= ?̄? 𝑇 ( 𝝃)  𝑇  − 𝑇 
⏟⏟⏟
= 𝑰 
?̄? 
−1 
𝐶  −1  ⏟ ⏟
= 𝑰 
?̄? 𝐶 
𝑖𝐼 
= ?̄? 𝑇 ( 𝝃) ̄𝑮 −1 𝐶 ?̄? 
𝐶 
𝑖𝐼 
= Ψ̃𝐼,𝑖 ( 𝝃) 
(55) 
here Ψ̃𝐼,𝑖 ( 𝝃) is given by: 
̃
𝐼,𝑖 ( 𝝃) = ?̄? 𝑇 ( 𝝃) ̄𝑮 
−1 
𝐶 ?̄? 
𝐶 
𝑖𝐼 (56)
n which the analytical computation of ?̄? 𝐶 is detailed in the Appendix . 
.2. Integration schemes 
Now the left issue for RKGS is to find an accurate and efficient
ethod to carry out the numerical integration in Eq. (54) , which is then47 sed to formulate the smoothed gradient of Eq. (56) . In practical analy-
is, it turns out that meshfree approximation with the plane wave basis
unctions consisting of one or two wave directions usually gives satis-
actory results. Thus in this study, without loss of generality we focus
n the meshfree approximation with no more than two plane wave di-
ections, namely, N 𝜃 = 1, 2 in Eq. (8) . However, unlike the monomial
asis functions, the plane wave basis functions cannot be exactly inte-
rated by a single set of sample points and weights. In order to resolve
his issue, a quasi-consistent integration scheme with fixed locations of
ample points and unknown weights are proposed for efficient and ac-
urate Galerkin meshfree analysis of Helmholtz problems. Here the term
quasi-consistent ” means that the proposed integration method is fully
onsistent if one wave direction is considered, and is nearly consistent
hen two wave directions are incorporated into the meshfree approxi-
ation. 
 1 ) 1D consistent integration 
In 1D case, the plane wave basis vectors of Eqs. (8) , (34) and
49) contain only one wave direction, i.e. N 𝜃 = 1. Consequently, these
lane wave basis vectors become: 
 ( 𝒙 ) = {1 , sin ( 𝑘𝑥 ) , cos ( 𝑘𝑥 )} 𝑇 (57)
 ( 𝑥 ) = { sin ( 𝑘𝑥 ) , cos ( 𝑘𝑥 )} 𝑇 (58)
̄ ( 𝜉) = { sin ( ̄𝑘 𝜉) , cos ( ̄𝑘 𝜉)} 𝑇 (59)
Meanwhile, the numerical evaluation of ?̄? 𝐶 
𝑖𝐼 
in Eq. (54) for 1D prob-
ems reduces to: 
̄ 𝐶 
𝐼 
= Ψ𝐼 ( 𝑥 2 𝐶 ) ̄𝒒 (1) − Ψ𝐼 ( 𝑥 
1 
𝐶 ) ̄𝒒 (0) − 
1 
𝐿 𝐶 ∫Ω𝐶 Ψ𝐼 ̄𝒒 ,𝜉𝑑Ω
= Ψ𝐼 ( 𝑥 2 𝐶 ) ̄𝒒 (1) − Ψ𝐼 ( 𝑥 
1 
𝐶 ) ̄𝒒 (0) − 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 Ψ𝐼 ( 𝜉
Ω
𝑆 ) ̄𝒒 ,𝜉( 𝜉
Ω
𝑆 ) 
(60) 
n which 𝑥 1 
𝐶 
, 𝑥 2 
𝐶 
are the two end vertices of a typical integration cell
C as shown in Fig. 6 . L C denotes the length of the integration cell ΩC .
 
Ω
𝑆 
is the normalized weight for domain integration at a generic sample
oint 𝝃Ω𝑆 . 𝑁 Ω is the total number of sample points for domain integra-
ion. For subsequent use, we introduce the following identity based upon
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t 𝜃  q. (60) : 
𝑁𝑃 ∑
=1 
𝒑 ( 𝑥 𝐼 ) ̄𝒈 𝐶𝑇 𝐼 
= 
𝑁𝑃 ∑
𝐼=1 
𝒑 ( 𝑥 𝐼 ) 
[ 
Ψ𝐼 ( 𝑥 2 𝐶 ) ̄𝒒 
𝑇 (1) − Ψ𝐼 ( 𝑥 1 𝐶 ) ̄𝒒 
𝑇 (0) − 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 Ψ𝐼 ( 𝜉
Ω
𝑆 ) ̄𝒒 
𝑇 
,𝜉( 𝜉
Ω
𝑆 ) 
] 
= 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝑥 2 𝐶 ) 𝒑 ( 𝑥 𝐼 ) 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 𝒑 ( 𝑥 2 
𝐶 
)=  ̄𝒑 (1) 
?̄? 𝑇 (1) − 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝑥 1 𝐶 ) 𝒑 ( 𝑥 𝐼 ) 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 𝒑 ( 𝑥 1 
𝐶 
)=  ̄𝒑 (0) 
?̄? 𝑇 (0) 
− 
𝑁 Ω∑
𝑆=1 
𝑤 Ω
𝑆 
𝑁𝑃 ∑
𝐼=1 
Ψ𝐼 ( 𝜉Ω𝑆 ) 𝒑 ( 𝑥 𝐼 ) 
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
= 𝒑 ( 𝑥 ( 𝜉Ω
𝑆 
))=  ̄𝒑 ( 𝜉Ω
𝑆 
) 
?̄? 𝑇 
,𝜉
( 𝜉Ω
𝑆 
) 
=  
[ 
?̄? (1) ̄𝒒 𝑇 (1) − ̄𝒑 (0) ̄𝒒 𝑇 (0) − 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̄𝒑 ( 𝜉
Ω
𝑆 ) ̄𝒒 
𝑇 
,𝜉( 𝜉
Ω
𝑆 ) 
] 
(61)
In numerical implementation, the integration cell ΩC is mapped to
ts parametric counterpart Ω𝜉 = [0, 1] as shown in Fig. 6 , the Lobatto
oints are selected as the domain integration sample points, where two
nd points of each integration cell can be shared by neighboring cells
nd the total number of sample points is thus reduced from a global
oint of view. The integration weight 𝑤 Ω
𝑆 
’s in Eq. (60) are determined
hrough enforcing the gradient consistency conditions of Eq. (40) . With
he help of Eqs. (46) and (47) , Eq. (40) can be rewritten as: 
𝑁𝑃 
𝐼=1 
Ψ̃𝐼,𝑥 ( 𝜉) 𝒑 ( 𝑥 𝐼 ) − 𝒑 ,𝑖 ( 𝑥 ) 
= 
𝑁𝑃 ∑
𝐼=1 
𝒑 ( 𝑥 𝐼 ) ̄𝒈 𝐶𝑇 𝐼 ?̄? 
−1 
𝐶 ?̄? ( 𝜉) − 
1 
𝐿 𝐶 
  𝑥 ̄𝒒 ( 𝝃) 
=  
[ 
?̄? (1) ̄𝒒 𝑇 (1) − ̄𝒑 (0) ̄𝒒 𝑇 (0) − 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̄𝒑 ( 𝜉
Ω
𝑆 ) ̄𝒒 
𝑇 
,𝜉 ( 𝜉
Ω
𝑆 ) 
] 
?̄? 
−1 
𝐶 ?̄? ( 𝜉) − 
1 
𝐿 𝐶 
  𝑥 ̄𝑮 𝐶 ?̄? −1 𝐶 ?̄? ( 𝜉) 
=  
⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 
?̄? (1) ̄𝒒 𝑇 (1) − ̄𝒑 (0) ̄𝒒 𝑇 (0) − 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̄𝒑 ( 𝜉
Ω
𝑆 ) ̄𝒒 
𝑇 
,𝜉 ( 𝜉
Ω
𝑆 ) − ∫Ω𝐶 
1 
𝐿 𝐶 
 𝑥 ̄𝒒 ( 𝜉) 
⏟⏞⏞⏞⏟⏞⏞⏞⏟
?̄? ,𝜉 ( 𝜉) 
?̄? 𝑇 ( 𝜉) 𝑑Ω
⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
?̄? 
−1 
𝐶 ?̄? ( 𝜉) 
=  
⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 
?̄? (1) ̄𝒒 𝑇 (1) − ̄𝒑 (0) ̄𝒒 𝑇 (0) − 1 
𝐿 𝐶 ∫Ω𝐶 ?̄? ,𝜉 ( 𝜉) ̄𝒒 
𝑇 ( 𝜉) 𝑑Ω
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
1 
𝐿 𝐶 
∫Ω𝐶 ?̄? ( 𝜉) ̄𝒒 𝑇 ,𝜉 ( 𝜉) 𝑑Ω
− 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̄𝒑 ( 𝜉
Ω
𝑆 ) ̄𝒒 
𝑇 
,𝜉 ( 𝜉
Ω
𝑆 ) 
⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
?̄? 
−1 
𝐶 ?̄? ( 𝜉) 
=  1 
𝐿 𝐶 
[ 
∫Ω𝐶 ?̄? ( 𝜉) ̄𝒒 
𝑇 
,𝜉 ( 𝜉) 𝑑Ω− 𝐿 𝐶 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̄𝒑 ( 𝜉
Ω
𝑆 ) ̄𝒒 
𝑇 
,𝜉 ( 𝜉
Ω
𝑆 ) 
] 
?̄? 
−1 
𝐶 ?̄? ( 𝜉) = 𝟎 
(62)
Eq. (64) immediately implies: 
Ω𝐶 
?̄? ( 𝜉) ̄𝒒 𝑇 ,𝜉 ( 𝜉) 𝑑Ω = 𝐿 𝐶 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̄𝒑 
(
𝜉Ω𝑆 
)
?̄? 𝑇 ,𝜉
(
𝜉Ω𝑆 
)
(63)
For convenience of subsequent development, the distinguished com-
onents in ?̄? ,𝜉 ?̄? 
𝑇 are collected into a vector of ?̂? : 
̂ 𝑇 ( 𝝃) = 
{
1 , sin ( ̄𝑘 𝜉) , cos ( ̄𝑘 𝜉) , sin (2 ̄𝑘 𝜉) , cos (2 ̄𝑘 𝜉) 
}
(64)
here the element “1 ” is included in ?̂? since exact integration of a con-
tant is a minimum requirement for any integration methods. Conse-
uently, Eq. (63) is equivalent to the following conditions: 
Ω𝐶 
?̂? ( 𝜉) 𝑑Ω = 𝐿 𝐶 ∫Ω𝜉 ?̂? ( 𝜉) 𝑑Ω = 𝐿 𝐶 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̂𝒒 ( 𝜉
Ω
𝑆 ) (65)
hich can be further arranged into a matrix form as: 
 
Ω𝒘 Ω = 𝒓 Ω (66)
ith 
 
Ω = 
[
?̂? ( 𝜉Ω1 ) , ?̂? ( 𝜉
Ω
2 ) , … , ?̂? ( 𝜉
Ω
𝑁 Ω
) 
]
(67)48  
Ω = 
{ 
𝑤 Ω1 , 𝑤 
Ω
2 , … , 𝑤 
Ω
𝑁 𝑆 
} 𝑇 
(68)
 
Ω = ∫Ω𝜉 ?̂? ( 𝜉) 𝑑Ω (69)
From Eq. (64) , it can be seen that ?̂? contains five independent terms
nd thus the five sample points ( 𝑁 Ω = 5 ) as shown in Fig. 6 would be
roper to achieve an exact integration. Moreover, the vector 𝒓 Ω can
e analytically calculated with details listed in the Appendix . As a re-
ult, the vector 𝒘 Ω consisting of integration weights is solved from
q. (66) as: 
 
Ω = ( 𝑸 Ω) −1 𝒓 Ω (70)
The integration weights produced by Eq. (70) and the sample points
escribed in Fig. 6 enable an exact reproduction of plane wave basis
unctions in the Galerkin meshfree setting. 
 2 ) 2D quasi-consistent integration 
Following a similar procedure, an integration scheme for 2D RKGS
s established by using fixed sample points and undetermined weights.
he integration weights of sample points are obtained by imposing the
ollowing domain and boundary integration conditions: 
Γ𝑙 
𝐶 
?̄? ( 𝜉) ̄𝒒 𝑇 ( 𝜉) 𝑑Ω = 𝐿 𝑙 𝐶 
𝑁 Γ∑
𝑆=1 
𝑤 Γ𝑆 ̄𝒑 ( 𝜉
Γ
𝑆 ) ̄𝒒 
𝑇 ( 𝜉Γ𝑆 ) (71)
Ω𝐶 
?̄? ( 𝜉) ̄𝒒 𝑇 ,𝜉( 𝜉) 𝑑Ω = 𝐴 𝐶 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̄𝒑 ( 𝜉
Ω
𝑆 ) ̄𝒒 
𝑇 
,𝜉 ( 𝜉
Ω
𝑆 ) (72)
It is noted that Eqs. (71) and (72) originate from the gradient repro-
ucing conditions of Eq. (40) , which in combination with Eq. (56) guar-
ntee the fulfillment of the integration constraint of Eq. (32) . 
Similar to 1D case, Eq. (71) can be rephrased using a compact vector
̂ as: 
Γ𝑙 
𝐶 
?̂? ( 𝝃) 𝑑Γ = 𝐿 𝑙 𝐶 
𝑁 Γ∑
𝑆=1 
𝑤 Γ𝑆 ̂𝒒 ( 𝝃
Γ
𝑆 ) (73)
ith 
̂ 𝑇 ( 𝝃) = { 1 , sin ( ̄𝒌 1 ⋅ 𝝃) , cos ( ̄𝒌 1 ⋅ 𝝃) , … , cos ( ̄𝒌 𝑁 𝜃 ⋅ 𝝃) , 
sin (2 ̄𝒌 1 ⋅ 𝝃) , cos (2 ̄𝒌 1 ⋅ 𝝃) , … , sin (2 ̄𝒌 𝑁 𝜃 ⋅ 𝝃) , 
sin 
[
( ̄𝒌 1 + ?̄? 2 ) ⋅ 𝝃
]
, cos 
[
( ̄𝒌 1 + ?̄? 3 ) ⋅ 𝝃
]
, … , cos 
[
( ̄𝒌 𝑁 𝜃−1 + ?̄? 𝑁 𝜃 ) ⋅ 𝝃
]
, 
sin 
[
( ̄𝒌 1 − ?̄? 2 ) ⋅ 𝝃
]
, cos 
[
( ̄𝒌 1 − ?̄? 3 ) ⋅ 𝝃
]
, … , cos 
[
( ̄𝒌 𝑁 𝜃−1 − ?̄? 𝑁 𝜃 ) ⋅ 𝝃
]
}
(74) 
here Γ𝑙 
𝐶 
denotes the l th side of a generic integration cell Γ
𝐶 
as shown in
ig. 7 , 𝝃Γ𝑆 and 𝑤 
Γ
𝑆 
are boundary sample points and integration weights,
espectively. Eq. (73) also means: 
 
Γ𝒘 Γ = 𝒓 Γ (75)
n which 𝑸 Γ, 𝒘 Γ and 𝒓 Γ are given by: 
 
Γ = 
[
?̂? 
(
𝝃Γ1 
)
, ?̂? 
(
𝝃Γ2 
)
, … , ?̂? 
(
𝝃Γ𝑁 Γ
)]
(76)
 
Γ = { 𝑤 Γ1 , 𝑤 
Γ
2 , … , 𝑤 
Γ
𝑁 Γ
} 𝑇 (77)
 
Γ = 1 
𝓁 𝑙 ∫Γ𝑙 
𝜉
?̂? ( 𝝃) 𝑑Γ (78)
here 𝓁 l is the length of the l th boundary Γ𝑙 𝜉 in the parametric domain.
If we just consider one wave direction is the meshfree approxima-
ion, i.e., N = 1, the vector ?̂? defined by Eq. (74) contains 5 terms and
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Fig. 7. Description of sample points for 2D 
consistent and quasi-consistent integrations. 
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o  onsequently 5 Lobatto points are employed for the boundary integra-
ion as shown in Fig. 7 . The corresponding integration weights are then
ttained from Eq. (75) as: 
 
Γ = ( 𝑸 Γ) −1 𝒓 Γ (79) 
On the other hand, for domain integration, Eq. (72) leads to: 
Ω𝐶 
?̂? ( 𝝃) 𝑑Ω = 2 𝐴 𝐶 ∫Ω𝜉 ?̂? ( 𝝃) 𝑑Ω = 𝐴 𝐶 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 ̂𝒒 ( 𝝃
Ω
𝑆 ) (80)
r 
 
Ω𝒘 Ω = 𝒓 Ω (81) 
ith 
 
Ω = 
[
?̂? 
(
𝝃Ω1 
)
, ?̂? 
(
𝝃Ω2 
)
, … , ?̂? 
(
𝝃Ω𝑁 Ω
)]
(82) 
 
Ω = 
{ 
𝑤 Ω1 , 𝑤 
Ω
2 , … , 𝑤 
Ω
𝑁 𝑆 
} 𝑇 
(83) 
 
Ω = 2 ∫Ω𝜉 ?̂? ( 𝝃) 𝑑Ω (84)
In order to improve efficiency, certain sample points of boundary
ntegration participate the domain integration. As shown in Fig. 7 , for
 𝜃 = 1, the domain integration sample points of a typical triangular in-
egration cell are denoted by blue circle, which include the three ver-
ices and three mid-points of each sides, i.e. 𝑁 Ω = 6 . However, by this
hoice, we have six unknown weights but five equations according to
q. (81) since the vector ?̂? consists of five entries for N 𝜃 = 1. Thus the
omain integration weights based upon Eq. (81) are computed accord-
ng to the least norm solution procedure for underdetermined equations
42] : 
 
Ω = 𝑸 Ω𝑇 ( 𝑸 Ω𝑸 Ω𝑇 ) −1 𝒓 Ω (85) 
e
49 It is noted that the 𝒘 Ω given by Eq. (85) strictly satisfies Eq. (81) : 
 
Ω𝒘 Ω = ( 𝑸 Ω𝑸 Ω𝑇 ) ( 𝑸 Ω𝑸 Ω𝑇 ) −1 𝒓 Ω = 𝒓 Ω (86)
hus this integration scheme is also consistent. 
When N 𝜃 = 2 is employed for the plane wave basis functions, it can
e seen from Eq. (74) the number of term in ?̂? becomes 13. Accordingly,
here needs 36 sample points with 13 points per side for the computa-
ion of boundary integration. This will severely lower the computational
fficiency. At the same time, the rank of Q usually varies for different in-
egration cells and Eq. (75) may not always be able to provide a unique
et of integration weights. Taking into account these reasons, the 5 Lo-
atto points per side used in the previous case of N 𝜃 = 1 are still utilized
s shown in Fig. 7 , which implies 𝑁 Γ = 13 . Now we have more equa-
ions than unknowns and therefore the classical least squares procedure
s adopted to compute the integration weights in Eq. (75) for N 𝜃 = 2: 
 
Γ = 
(
𝑸 Γ
𝑇 
𝑸 Γ
)−1 
𝑸 Γ
𝑇 
𝒓 Γ (87) 
On the other hand, the sample points for domain integration corre-
ponding to N 𝜃 = 2 come from all boundary sample points and four inte-
ior points within the triangular integration cell. It turns out that these
nterior sample points could prevent the singularity of Q in certain cases.
hen the total number of sample points is 𝑁 Ω = 16 , which is greater than
he number of terms in ?̂? according to Eq. (74) . So the domain integra-
ion weights can be obtained as the same form of Eq. (85) through the
east norm solution procedure. 
We would like to remark that the proposed integration scheme for
 𝜃 = 2, which is formed by the sample points in Fig. 7 and the weights in
qs. (87) and (85) is not fully consistent with growing number of plane
ave basis functions, while it well balances the accuracy and efficiency.
hus this method is called as a quasi-consistent approach, which turns
ut to yield pretty satisfactory results as demonstrated in the subsequent
xamples. 
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Fig. 8. Solution comparison for the 1D wave scattering problem with regular meshfree model. 
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t  Finally, the ?̄? 
𝑖𝐼 
of Eq. (54) can be evaluated by the proposed quasi-
onsistent integration rules as: 
̄ 
𝑖𝐼 
= 
3 ∑
𝑙=1 
1 
𝐿 𝑙 
𝐶 
∫Γ𝑙 
𝐶 
Ψ𝐼 ̄𝒒 𝐷 𝐶 𝑙𝑖 𝑑Γ + 
1 
2 𝐴 𝐶 ∫Ω𝐶 Ψ𝐼 ̄𝒒 ,𝑘 𝐷 
𝐶 
𝑘𝑖 𝑑Ω
= 
3 ∑
𝑙=1 
𝑁 Γ∑
𝑆=1 
𝑤 Γ𝑆 Ψ𝐼 ( 𝝃
Γ
𝑆 ) ̄𝒒 ( 𝝃
Γ
𝑆 ) 𝐷 
𝐶 
𝑙𝑖 + 
1 
2 
𝑁 Ω∑
𝑆=1 
𝑤 Ω𝑆 Ψ𝐼 ( 𝝃
Ω
𝑆 ) ̄𝒒 ,𝑘 ( 𝝃
Ω
𝑆 ) 𝐷 
𝐶 
𝑘𝑖 
(88)
In a similar way, Eqs. (20) –(22) are also efficiently computed as: 
 𝐼𝐽 = 
𝑁 𝐶 ∑
𝐶=1 
𝑁 Ω∑
𝑆=1 
𝐴 𝐶 𝑤 
Ω
𝑆 ∇ ̃Ψ𝐼 ( 𝝃
Ω
𝑆 ) ⋅ ∇ ̃Ψ𝐽 ( 𝝃
Ω
𝑆 ) (89)
 𝐼𝐽 = 
𝑁 𝐶 ∑
𝐶=1 
𝑁 Ω∑
𝑆=1 
𝐴 𝐶 𝑤 
Ω
𝑆 Ψ𝐼 ( 𝝃
Ω
𝑆 ) Ψ𝐽 ( 𝝃
Ω
𝑆 ) (90)
 𝐼𝐽 = 
𝑁 𝑟 ∑
𝐵=1 
𝑁 Γ∑
𝑆=1 
𝐿 𝐵 𝑤 
Γ
𝑆 Ψ𝐼 ( 𝝃
Γ
𝑆 ) Ψ𝐽 ( 𝝃
Γ
𝑆 ) (91)
 
𝐼 
= 
𝑁 𝑡 ∑
𝐵=1 
𝑁 Γ∑
𝑆=1 
𝐿 𝐵 𝑤 
Γ
𝑆 Ψ𝐼 ( 𝝃
Γ
𝑆 ) ̄𝑡 ( 𝝃
Γ
𝑆 ) + 
𝑁 𝑟 ∑
𝐵=1 
𝑁 Γ∑
𝑆=1 
𝐿 𝐵 𝑤 
Γ
𝑆 Ψ𝐼 ( 𝝃
Γ
𝑆 ) ̄𝑟 ( 𝝃
Γ
𝑆 ) 
+ 
𝑁 𝐶 ∑
𝐶=1 
𝑁 Ω∑
𝑆=1 
𝐴 𝐶 𝑤 
Ω
𝑆 Ψ𝐼 ( 𝝃
Ω
𝑆 ) 𝑓 ( 𝝃
Ω
𝑆 ) 
(92)
here N t and N r represent the total numbers of integration cells on the
eumann and Robin boundaries, respectively. 
. Numerical examples 
In this section, several numerical examples are presented to assess
he proposed methodology. For comparison purpose, the following L 2 
50 rror norm is employed: 
 2 −Error = 
√ 
( 𝑢 − 𝑢 ℎ ) ( 𝑢 − 𝑢 ℎ ) (93)
here the overbar means the conjugate of a complex variable. In nu-
erical results, “GI- l ” means the conventional meshfree method us-
ng linear monomial basis vector and l -point Gauss quadrature rule,
PB-GI- l ” stands for the meshfree method using plane wave basis vec-
or and l -point Gauss quadrature rule, “PB-RKGSI ” denotes the mesh-
ree method using plane wave basis vector and the proposed quasi-
onsistent quadrature rule with reproducing kernel gradient smoothing
ntegration. 
.1. 1D wave scattering problem 
We first consider the following 1D wave scattering problem: 
 
 
 
 
 
 
 
− 𝑢 ,𝑥𝑥 − 𝑘 2 𝑢 = 1 , 0 ≤ 𝑥 ≤ 1 
𝑢 ,𝑥 (0) = 
𝜄
𝑘 
( 𝑒 𝜄𝑘 − 1) 
𝑢 ,𝑥 (1) = 𝜄𝑘𝑢 (1) 
(94) 
The exact solution for this problem reads: 
 ( 𝑥 ) = 
exp [ 𝜄𝑘 (1 + 𝑥 ) ] − exp [ 𝜄𝑘 (1 − 𝑥 ) ] 
2 𝑘 2 
+ 
1 − exp ( 𝜄𝑘𝑥 ) 
𝑘 2 
(95)
For this problem, both regular and irregular meshfree models with
1 nodes are used, which are depicted as solid circles in Figs. 8 and 9 .
 normalized support size of 2.5 is adopted for meshfree approximation
nd the wave number is k = 40. Three methods, namely, GI-5, PB-GI-5
nd PB-RKGSI are employed to compute the acoustic pressure that is
ompared with the exact solution of Eq. (95) . Figs. 9 and 10 present the
umerical results of acoustic pressure and corresponding error, respec-
ively, where re ( • ) and im ( • ) return the real and imaginary parts of
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Fig. 9. Solution comparison for the 1D wave scattering problem with irregular meshfree model. 
Fig. 10. Regular and irregular discretizations 
for the square domain plane wave scatter- 
ing problem: (a) regular model; (b) irregular 
model. 
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Table 1 
L 2 -error results for 1D wave scattering problem. 
Meshfree model GI-5 PB-GI-5 PB-RKGSI 
Regular 8.2E − 01 1.1E − 01 1.1E − 14 
Irregular 8.2E − 01 7.2E − 01 2.5E − 14 
T  
p  
t
he numerical solutions, respectively. The L 2 errors of this problem by
ifferent methods are listed in Table 1 . It can be clearly seen that the
onventional meshfree method equipped with linear basis vector and 5-
oint Gauss quadrature rule, i.e., GI-5 gives the worst results, which says
hat the monomial basis functions are not well suitable for Helmholtz
roblems. By contrast, when the plane wave basis functions are intro-
uced, the solution accuracy is significantly improved by both PB-GI-5
nd PB-RKGSI, while more detailed comparisons in Figs. 8 and 9 as well
s Table 1 demonstrate that the proposed PB-RKGSI outperforms PB-GI-
, particularly for the irregular meshfree discretization. Furthermore,51 able 1 illustrates the exact solution of this 1D Helmholtz problem is
recisely reproduced by the proposed PB-RKGSI regardless of discretiza-
ion patterns. 
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Fig. 11. Contour plots of the real part of u for the square domain plane wave scattering problem with irregular meshfree discretization. 
Table 2 
L 2 -error results of the square domain plane wave scattering problem. 
Meshfree model GI-6 GI-12 PB-GI-6 PB-GI-12 PB-RKGSI 
Regular 1.0E − 00 1.0E − 00 2.8E − 01 5.9E − 02 1.6E − 14 
Irregular 1.0E − 00 1.0E − 00 8.3E − 01 8.1E − 01 2.7E − 14 
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Fig. 12. Description for the problem of plane wave scattered inside a duct with 
rigid walls. 
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w  .2. Square domain plane wave scattering problem 
A plane wave scattering problem of Eq. (1) is studied within in the
quare domain Ω= (0, 1) ⊗ (0, 1). A manufactured solution for this prob-
em is given by: 
 ( 𝒙 ) = exp 
[
𝜄𝑘 ( 
√
3 𝑥 + 𝑦 )∕2 
]
(96)
here the wave number is k = 60. The Robin boundary conditions
re employed on all four sides according to the analytical solution of
q. (96) . As can be seen from Eq. (96) , the exact solution of this problem
ould be spanned by the plane wave basis functions with one wave di-
ection of 𝜃1 = 𝜋/3. Fig. 10 describes the regular and irregular meshfree
iscretizations with 11 by 11 nodes used for this problem. A normalized
upport size of 1.5 is employed to construct the meshfree shape func-
ions. The corresponding L 2 error norms are tabulated in Table 2 , where
ve methods, namely, GI-6, GI-12, PB-GI-6, PB-GI-12 and the proposed
B-RKGSI are compared. It is obvious that the conventional meshfree
ormulations such as GI-6 and GI-12 yield almost meaningless results.
he solution accuracy can be improved to some extent by PB-GI-6 and
B-GI-12. On the hand, the proposed PB-RKGSI exactly reproduce the
nalytical solution in this case, while noticeable errors are still observed
or PB-GI-12 regarding both regular and irregular meshfree discretiza-
ions. In Fig. 11 , the superiority of PB-RKGSI over other methods is also
pparently confirmed by the acoustic contour plots using the irregular
eshfree discretization in Fig. 10 . 52 .3. Plane wave scattered inside a duct with rigid walls 
Another benchmark example is the problem of plane wave scattered
nside a duct with rigid walls as shown in Fig. 12 . The governed equa-
ions for this problem are: 
 
 
 
 
 
 
 
 
 
− ∇ 2 𝑢 ( 𝒙 ) − 𝑘 2 𝑢 ( 𝒙 ) = 0 , in Ω
𝑢 ,𝑖 ( 𝒙 ) 𝑛 𝑖 = cos ( 𝑚𝜋𝑦 ) , on 𝑥 = 0 
𝑢 ,𝑖 ( 𝒙 ) 𝑛 𝑖 + 𝜄𝑘𝑢 ( 𝒙 ) = 0 , on 𝑥 = 𝑎 
𝑢 ,𝑖 ( 𝒙 ) 𝑛 𝑖 = 0 , on 𝑦 = 0 , 𝑏 
(97) 
n which m is a constant integer that stands for the mode number of
 plane wave. The geometric and material parameters for this problem
re chosen as: length a = 3, width b = 1, wave number k = 40. The exact
olution of this problem is given by [40] : 
 ( 𝒙 ) = cos ( 𝑚𝜋𝑦 )( 𝐴 1 exp (− 𝜄𝜅𝑥 𝑥 ) + 𝐴 2 exp ( 𝜄𝜅𝑥 𝑥 )) (98)
here 𝜅𝑥 = 
√
𝑘 2 − 𝑚 2 𝜋2 , and A 1 , A 2 are constant coefficients which can
e determined from the following system of equations: [ 
𝜅𝑥 − 𝜅𝑥 
( 𝑘 − 𝜅𝑥 ) exp (− 𝑎𝜄𝜅𝑥 ) ( 𝑘 + 𝜅𝑥 ) exp ( 𝑎𝜄𝜅𝑥 ) 
] { 
𝐴 1 
𝐴 2 
} 
= 
{ 
1 
0 
} 
(99)
The meshfree discretizations of this problem are listed in Fig. 13 ,
here 46 by 16 nodes are used for both regular and irregular models.
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Fig. 13. Meshfree discretizations for the problem of plane wave scattered inside 
a duct with rigid walls: (a) regular model; (b) irregular model. 
Table 3 
L 2 -error results of the problem plane wave scattered inside 
a duct with rigid walls. 
m Meshfree model GI-16 PB-GI-16 PB-RKGSI 
1 Regular 9.5E − 01 4.6E − 04 2.2E − 04 
Irregular 3.2E − 00 4.0E − 02 6.7E − 03 
5 Regular 6.4E − 01 4.0E − 04 3.1E − 04 
Irregular 1.7E − 00 3.4E − 02 6.4E − 03 
Fig. 14. Contour plots of the real part of acoustic pressure for the problem of 
plane wave scattered inside a duct with rigid walls with m = 1. 
Fig. 15. Contour plots of the real part of acoustic pressure for the problem of 
plane wave scattered inside a duct with rigid walls with m = 5. 
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53 he two wave directions with 𝜃1 = arcsin ( 𝑚𝜋∕ 𝑘 ) and 𝜃2 = 𝜋 − 𝜃1 are se-
ected for the plane wave basis functions, and a normalized support size
f 2.5 is adopted to construct the meshfree approximation. In the com-
utation, m = 1, 5 are considered and the corresponding results are pre-
ented in Table 3 . As mentioned earlier, the proposed PB-RKGSI with the
lane wave basis functions in two directions could not exactly solve this
roblem, however, it is evident that the proposed PB-RKGSI yields the
ost favorable solutions compared with GI-16 and PB-GI-16, for both
egular and irregular meshfree models. The contour plots in Figs. 14
nd 15 again demonstrate that much better agreement with the exact
olutions is achieved by the proposed PB-RKGSI, in contrast to GI-16
nd PB-GI-16. Moreover, the higher efficiency of PB-RKGSI compared
ith both GI-16 and PB-GI-16 is highlighted in Fig. 16 , which due toig. 16. Efficiency comparison for the problem of plane wave scattered inside 
 duct with rigid walls. 
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[  he facts that the proposed PB-RKGSI avoids the time-consuming com-
utation of conventional gradients of meshfree shape functions and the
hared sampling points by neighboring integration cells further acceler-
te the numerical computation. 
. Conclusions 
A quasi-consistent integration method was developed to accelerate
he Galerkin meshfree analysis of Helmholtz problems. Firstly, the inte-
ration constraint corresponding to the Galerkin meshfree formulation
f Helmholtz problems using plane wave basis functions is established.
t turns out that this integration constraint for Helmholtz problems has
n identical form as that of the standard potential problems, and ac-
ually it is independent of the choice of basis functions. Secondly, in
rder to meet the integration constraint, the reproducing kernel gradi-
nt smoothing framework was adopted to construct smoothed meshfree
radients with plane wave basis functions. These smoothed meshfree
radients are numerically realized with respect to triangular integration
ells. Subsequently, based upon the discrete gradient reproducing con-
itions, a set of quasi-consist quadrature rules regarding boundary and
omain integrations are presented to efficiently evaluate the meshfree
moothed gradients and the related Galerkin weak form. These integra-
ion rules are fully consistent when one wave direction is included in
he meshfree approximation. In case that two wave directions are incor-
orated, the proposed integration rules are quasi-consistent, which well
alance the computational efficiency and accuracy. Numerical results
vince that the proposed method is much more accurate and efficient,
ompared with the Galerkin meshfree formulations either using mono-
ial basis functions or using plane wave basis functions with high order
auss integration rules. 
cknowledgments 
The support of this work by the National Natural Science Founda-
ion of China ( 11772280 and 11472233 ) and the Fundamental Research
unds for the Central Universities of China ( 20720190120 ) is gratefully
cknowledged. 
ppendix 
Some analytical integrations referring to the triangular integration
ell as shown in Fig. 5 can be efficiently carried out according to the
ollowing formulas [41] : 
Ω𝜉
𝑓 ( 𝜉, 𝜂) 𝑑Ω = ∫
1 
0 ∫
1− 𝜉
0 
𝑓 ( 𝜉, 𝜂) 𝑑𝜂𝑑𝜉 (A1)
1 
𝓁 𝑙 ∫Γ𝑙 
𝜉
𝑓 ( 𝜉, 𝜂) 𝑑Γ = ∫
1 
0 
𝑔( 𝜉) 𝑑Γ, 𝑔( 𝜉) = 
⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
𝑓 (0 , 𝜉) , 𝑙 = 1 
𝑓 ( 𝜉, 0) , 𝑙 = 2 
𝑓 ( 𝜉, 1 − 𝜉) , 𝑙 = 3 
(A2)
here f represents an arbitrary monomial or trigonometric function. 
The integrands in Eqs. (53) , (69) , (78) , (84) can always con-
erted into four types of expressions: sin ( a 𝜉), cos ( a 𝜉), sin ( a 𝜉 + b 𝜂) and
os ( a 𝜉 + b 𝜂). With the aid of Eqs. (A1) and (A2) , the analytical integra-
ions of these four functions in parametric space give: 
1 
0 
sin ( 𝑎𝜉) 𝑑Γ = 1 
𝑎 
[ 1 − cos ( 𝑎 ) ] (A3)54 1 
0 
cos ( 𝑎𝜉) 𝑑Γ = 1 
𝑎 
sin ( 𝑎 ) (A4)
1 
0 ∫
1− 𝜉
0 
sin ( 𝑎𝜉 + 𝑏𝜂) 𝑑𝜂𝑑𝜉 = 
⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
𝑏 
𝑎 − 𝑏 sin ( 𝑏 ) − 
𝑎 
𝑎 − 𝑏 sin ( 𝑎 ) , 𝑎 ≠ 𝑏 and 𝑎, 𝑏 ≠ 0 
1 
𝑎 2 
sin ( 𝑎 ) − 1 
𝑎 
cos ( 𝑎 ) , 𝑎 = 𝑏 
1 
𝑎 + 𝑏 − 
1 
( 𝑎 + 𝑏 ) 2 
sin ( 𝑎 + 𝑏 ) , 𝑎 = 0 or 𝑏 = 0 
(A5) 
∫
1 
0 ∫
1− 𝜉
0 
cos ( 𝑎𝜉 + 𝑏𝜂) 𝑑𝜂𝑑𝜉
= 
⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
𝑏 
𝑎 − 𝑏 cos ( 𝑏 ) − 
𝑎 
𝑎 − 𝑏 cos ( 𝑎 ) + 1 , 𝑎 ≠ 𝑏 and 𝑎, 𝑏 ≠ 0 
1 
𝑎 2 
cos ( 𝑎 ) + 1 
𝑎 
sin ( 𝑎 ) − 1 
𝑎 2 
, 𝑎 = 𝑏 
1 
( 𝑎 + 𝑏 ) 2 
− 1 
( 𝑎 + 𝑏 ) 2 
cos ( 𝑎 + 𝑏 ) , 𝑎 = 0 or 𝑏 = 0 
(A6) 
here a and b are constants. 
For instance, a generic component of ?̄? 𝐶 reads: 
Ω𝜉
sin ( ̄𝒌 1 ⋅ 𝝃) cos ( ̄𝒌 2 ⋅ 𝝃) 𝑑Ω = 1 2 ∫Ω𝜉 sin 
[
( ̄𝒌 1 + ?̄? 2 ) ⋅ 𝝃
]
𝑑Ω
+ 1 
2 ∫Ω𝜉 sin 
[
( ̄𝒌 1 − ?̄? 2 ) ⋅ 𝝃
]
𝑑Ω
= 1 
2 ∫Ω𝜉 sin 
[
( ̄𝑘 1 1 + ̄𝑘 
2 
1 ) 𝜉 + ( ̄𝑘 
1 
1 + ̄𝑘 
2 
1 ) 𝜂
]
𝑑Ω
+ 1 
2 ∫Ω𝜉 sin 
[
( ̄𝑘 1 1 − ̄𝑘 
2 
1 ) 𝜉 + ( ̄𝑘 
1 
1 − ̄𝑘 
2 
1 ) 𝜂
]
𝑑Ω
(A7) 
Thus, Eq. (A7) can be conveniently computed using Eq. (A5) . 
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